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Abstract

Woven frames have been introduced for studying some problems arising in distributed

signal processing. Because of some potential applications such as in wireless sensor

networks and pre-processing of signals. In this paper, we introduced the notion of

a woven g−fusion frame in Hilbert C∗−modules, we gives some properties and we

study perturbation of weaving g−fusion frames.

Keywords: Fusion frame, g-fusion frame, woven g-fusion frame, C∗-algebras, Hilbert

C∗-modules.

1. Introduction Basis is one of the most important concepts in Vector Spaces

study. However, Frames generalise orthonormal bases and were introduced by Duffin

and Schaefer [6] in 1952 to analyse some deep problems in nonharmonic Fourier series by

abstracting the fundamental notion of Gabor [9] for signal processing. In 2000, Frank-

larson [8] introduced the concept of frames in Hilbet C∗−modules as a generalization

of frames in Hilbert spaces. The basic idea was to consider modules over C∗−algebras

of linear spaces and to allow the inner product to take values in the C∗−algebras [14].

A. Khosravi and B. Khosravi [13] introduced the fusion frames and g−frame theory

in Hilbert C∗-modules. Afterwards, A. Alijani and M. Dehghan consider frames with
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C∗-valued bounds [2] in Hilbert C∗-modules. N. Bounader and S. Kabbaj [5] and A.

Alijani [1] introduced the ∗-g-frames which are generalizations of g-frames in Hilbert

C∗-modules. In 2016, Z. Xiang and Y. Li [23] give a generalization of g−frames for

operators in Hilbert C∗-modules. Recently, Fakhr-dine Nhari et al. [15] introduced the

concepts of g-fusion frame and K-g-fusion frame in Hilbert C∗-modules. Bemrose et

al. [4] introduced a new concept of weaving frames in separable Hilbert spaces. This

notion has potential applications in distributed signal processing and wireless sensor

networks. Weaving Frames in Hilbert C∗-Modules introduced by X. Zhao and P. Li

[22]. For more on frame in Hilbert C∗-modules see [11, 17, 18, 19, 20, 21] and references

therein. In this paper, we introduced the notion of a woven g−fusion frame in Hilbert

C∗−modules, we gives some properties and we study perturbation of weaving g−fusion

frames.

The paper is organized as follows, we continue this introductory section we briefly

recall the definitions and basic properties of Hilbert C∗−modules. In section 2, we

introduce the concept of woven g−fusion frames by extending and improving the notion

of g−fusion frames and weaving frames. We investigate the structure of woven g−fusion

frames and characterize them. We start the section 3 with Paley-Wiener perturbation

of weaving g−fusion frames and continue two results of perturbations in the sequel.

Throughout this paper,H is considered to be a countably generated HilbertA−module.

Let {Hi}i∈I be a collection of Hilbert A−module and {Wi}i∈I be a collection of closed

orthogonally complemented submodules of H, where I be finite or countable index

set. End∗A(H,Hi) is the set of all adjointable operator from H to Hi. In particular

End∗A(H) denote the set of all adjointable operators on H. PWi denote the orthogonal

projection onto the closed submodule orthogonally complemented Wi of H. Define the

module

l2({Hi}i∈I) = {{xi}i∈I : xi ∈ Hi, ∥
∑
i∈I

⟨xi, xi⟩∥ < ∞}

with A−valued inner product ⟨x, y⟩ =
∑

i∈I⟨xi, yi⟩, where x = {xi}i∈I and y = {yi}i∈I ,

clearly l2({Hi}i∈I) is a Hilbert A−module.

In the following we briefly recall the definitions and basic properties of Hilbert A-

modules.

Definition 0.1. [12]. Let A be a unital C∗-algebra and H be a left A-module, such

that the linear structures of A and U are compatible. H is a pre-Hilbert A-module
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if H is equipped with an A-valued inner product ⟨., .⟩ : H × H → A, such that is

sesquilinear, positive definite and respects the module action. In the other words,

(i) ⟨x, x⟩ ≥ 0 for all x ∈ H and ⟨x, x⟩ = 0 if and only if x = 0.

(ii) ⟨ax+ y, z⟩ = a⟨x, z⟩+ ⟨y, z⟩ for all a ∈ A and x, y, z ∈ H.

(iii) ⟨x, y⟩ = ⟨y, x⟩∗ for all x, y ∈ H.

For x ∈ H, we define ||x|| = ||⟨x, x⟩||
1
2 . If H is complete with ||.||, it is called a

Hilbert A-module or a Hilbert C∗-module over A. For every a in C∗-algebra A, we

have |a| = (a∗a)
1
2 and the A-valued norm on H is defined by |x| = ⟨x, x⟩

1
2 for x ∈ H.

Lemma 0.2. [3]. Let H and K two Hilbert A-modules and T ∈ End∗A(H,K). Then

the following statements are equivalent:

(i) T is surjective.

(ii) T ∗ is bounded below with respect to norm, i.e., there is m > 0 such that ∥T ∗x∥ ≥

m∥x∥ for all x ∈ K.

(iii) T ∗ is bounded below with respect to the inner product, i.e., there is m′ > 0 such

that ⟨T ∗x, T ∗x⟩ ≥ m′⟨x, x⟩ for all x ∈ K.

Lemma 0.3. [2]. Let U and H two Hilbert A-modules and T ∈ End∗A(U,H). Then:

(i) If T is injective and T has closed range, then the adjointable map T ∗T is in-

vertible and

∥(T ∗T )−1∥−1 ≤ T ∗T ≤ ∥T∥2.

(ii) If T is surjective, then the adjointable map TT ∗ is invertible and

∥(TT ∗)−1∥−1 ≤ TT ∗ ≤ ∥T∥2.

Lemma 0.4. [7] Let E,H and K be Hilbert A−modules, T ∈ End∗A(E,K) and T
′ ∈

End∗A(H,K). Then the following two statements are equivalent:

(1) T
′
(T

′
)∗ ≤ λTT ∗ for some λ > 0;

(2) There exists µ > 0 such that ∥(T ′
)∗z∥ ≤ µ∥T ∗z∥ for all z ∈ K.

Definition 0.5. [15] Let {Wi}i∈I be a sequence of closed orthogonally complemented

submodules of H, {vi}i∈I be a familly of positive weights in A, i.e., each vi is a positive

invertible element from the center of the C∗−algebra A and Λi ∈ End∗A(H,Hi) for all
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i ∈ I. We say that Λ = {Wi,Λi, vi}i∈I is a g−fusion frame for H if and only if there

exists two constants 0 < A ≤ B < ∞ such that

(0.1) A⟨x, x⟩ ≤
∑
i∈I

v2i ⟨ΛiPWix,ΛiPWix⟩ ≤ B⟨x, x⟩, ∀x ∈ H.

The constants A and B are called the lower and upper bounds of g−fusion frame,

respectively. If A = B then Λ is called tight g-fusion frame and if A = B = 1 then we

say Λ is a Parseval g−fusion frame. If Λ satisfies the inequality∑
i∈I

v2i ⟨ΛiPWix,ΛiPWix⟩ ≤ B⟨x, x⟩, ∀x ∈ H.

then it is called a g−fusion bessel sequence with bound B in H.

Definition 0.6. [15] let Λ = {Wi,Λi, vi}i∈I be a g−fusion bessel sequence for H. Then

the operator TΛ : l2({Hi}i∈I) → H defined by

TΛ({fi}i∈I) =
∑
i∈I

viPWiΛ
∗
i fi, ∀{fi}i∈I ∈ l2({Hi}i∈I).

Is called synthesis operator. We say the adjoint UΛ of the synthesis operator the analysis

operator and it is defined by UΛ : H → l2({Hi}i∈I) such that

UΛ(f) = {viΛiPWi(f)}i∈I , ∀f ∈ H.

The operator SΛ : H → H defined by

SΛf = TΛUΛf =
∑
i∈I

v2i PWiΛ
∗
iΛiPWi(f), ∀f ∈ H.

Is called g−fusion frame operator. It can be easily verify that

(0.2) ⟨SΛf, f⟩ =
∑
i∈I

v2i ⟨ΛiPWi(f),ΛiPWi(f)⟩, ∀f ∈ H.

Furthermore, if Λ is a g−fusion frame with bounds A and B, then

A⟨f, f⟩ ≤ ⟨SΛf, f⟩ ≤ B⟨f, f⟩, ∀f ∈ H.

It easy to see that the operator SΛ is bounded, self-adjoint, positive, now we proof the

inversibility of SΛ. Let x ∈ H we have

||UΛ(f)|| = ||{viΛiPWi(f)}i∈I || = ||
∑
i∈I

v2i ⟨ΛiPWi(f),ΛiPWi(f)⟩||
1
2 .

Since Λ is g−fusion frame then

√
A||⟨f, f⟩||

1
2 ≤ ||UΛf ||.
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Then
√
A||f || ≤ ||UΛf ||.

Frome lemma 0.2, TΛ is surjective and by lemma 0.3, TΛUΛ = SΛ is invertible. We

now, AIH ≤ SΛ ≤ BIH and this gives B−1IH ≤ S−1
Λ ≤ A−1IH .

Definition 0.7. [10] A family
{
{fi,j}i∈I

}
j∈[m]

of frames for H is called woven if there

exist universal constants 0 < A < B < ∞ such that for every partition {σj}j∈[m] of I,

the family {fi,j}i∈σj ,j∈[m] is a frame for H with lower and upper frame bounds A and

B, respectively. Each family {fi,j}i∈σj ,j∈[m] is called a weaving. Where [m] = {1, ...,m}

1. Woven g−fusion frame in Hilbert C∗−module

Now, we define the notion of woven g−fusion frame in Hilbert C∗−module.

Definition 1.1. A family of g−fusion frames {Wij ,Λij , vij}i∈I for j ∈ [m], is said

woven g−fusion frames if there exist universal constants A and B, such that for every

partition {σj}j∈[m] of I, the family {Wij ,Λij , vij}i∈σj ,j∈[m] is a g−fusion frame for H

with lower and upper frame bounds A and B. Each family {Wij ,Λij , vij}i∈σj ,j∈[m] is

called a weaving g−fusion frame.

For any partition {σj}j∈[m] of I, we define the operator

S
σj

Λ f =
∑
i∈σj

v2i PWiΛiΛ
∗
iPWif, ∀f ∈ H.

2. Main Results

The following Theorem characterize woven g−frames. That we will used in the proof

of the next results.

Theorem 1.2. Let Λ = {Wi,Λi, vi}i∈I and {Vi,Γi, µi} be two g−fusion frame for H,

then for every partition σ of I, Λ and Γ are woven g−fusion frame for H if and only if

(1.1) A∥f∥2 ≤
∣∣∣∣∣∣∣∣∑

i∈σ
v2i ⟨ΛiPWif,ΛiPWif⟩+

∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

∣∣∣∣∣∣∣∣ ≤ B∥f∥2,

for some A,B > 0.

Proof. Suppose that Λ and Γ are woven g−fusion frame for H with g−fusion frame

bounds A and B, then for each f ∈ H

A∥f∥2 ≤
∣∣∣∣∣∣∣∣∑

i∈σ
v2i ⟨ΛiPWif,ΛiPWif⟩+

∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

∣∣∣∣∣∣∣∣ ≤ B∥f∥2,
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For the converse, we have for each f ∈ H∣∣∣∣∣∣∣∣∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

∣∣∣∣∣∣∣∣ = ∥⟨Sσ
Λf, f⟩+ ⟨Sσc

Γ f, f⟩∥

= ∥⟨(Sσ
Λ + Sσc

Γ )f, f⟩∥

= ∥⟨(Sσ
Λ + Sσc

Γ )
1
2 f, (Sσ

Λ + Sσc

Γ )
1
2 f∥

= ∥(Sσ
Λ + Sσc

Γ )
1
2 f∥2,

since,

A∥f∥2 ≤ ∥(Sσ
Λ + Sσc

Γ )
1
2 f∥2 ≤ B∥f∥2,

by lemma 0.4, there exists λ, µ > 0 such that

λ⟨f, f⟩ ≤ ⟨(Sσ
Λ + Sσc

Γ )f, f⟩ ≤ µ⟨f, f⟩,

then,

λ⟨f, f⟩ ≤
∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩ ≤ µ⟨f, f⟩.

So, Λ and Γ are woven g−fusion frame for H. □

In the next we constructed some new woven g−frames in Hilbert C∗−modules.

Theorem 1.3. Suppose {Λi ∈ End∗A(H,Hi)}i∈I, {Γi ∈ End∗A(H,Hi)}i∈I and for every

i ∈ I, Ji is subset of index set I and {vi}i∈I, {µi}i∈I are family of weights in A. Let

{fi,j}j∈Ji and {gi,j}j∈Ji be frame sequences in Hi with frame bounds (Afi , Bfi) and

(Agi , Bgi), respectively. Define

Wi = span{Λ∗
i fi,j}j∈Ji , Vi = span{Γ∗

i gi,j}j∈Ji .

Suppose that

0 < Af = inf
i∈I

Afi ≤ Bf = sup
i∈I

Bfi < ∞,

and

0 < Ag = inf
i∈I

Agi ≤ Bg = sup
i∈I

Bgi < ∞.

Then the following conditions are equivalent:

(1) {viΛ∗
i fi,j}i∈I,j∈Ji and {µiΓ

∗
i gi,j}i∈I,j∈Ji are woven frames in H.

(2) {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are woven g−fusion frames in H.
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Proof. Since for every i ∈ I, {fi,j}j∈Ji and {gi,j}j∈Ji be frame sequences in Hi with

frame bounds (Afi , Bfi) and (Agi , Bgi), respectively. Then for σ ⊂ I,

Af

∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+Ag

∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

≤
∑
i∈σ

Afiv
2
i ⟨ΛiPWif,ΛiPWif⟩+

∑
i∈σc

Agiµ
2
i ⟨ΓiPVif,ΓiPVif⟩

=
∑
i∈σ

Afi⟨viΛiPWif, viΛiPWif⟩+
∑
i∈σc

Agi⟨µiΓiPVif, µiΓiPVif⟩

≤
∑
i∈σ

∑
i∈Ji

⟨viΛiPWif, fi,j⟩⟨fi,j , viΛiPWif⟩+
∑
i∈σc

∑
i∈Ji

⟨µiΓiPVif, gi,j⟩⟨gi,j , µiΓiPVif⟩

≤
∑
i∈σ

Bfi⟨viΛiPWif, viΛiPWif⟩+
∑
i∈σc

Bgi⟨µiΓiPVif, µiΓiPVif⟩

≤ Bf

∑
i∈σ

⟨viΛiPWif, viΛiPWif⟩+Bg

∑
i∈σc

⟨µiΓiPVif, µiΓiPVif⟩.

(1) =⇒ (2) Let {viΛ∗
i fi,j}i∈I,j∈Ji and {µiΓ

∗
i gi,j}i∈I,j∈Ji be woven frames for H with

universal frame bounds C and D, the above calculation shows that for every f ∈ H,

∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

≤ 1

A

(∑
i∈σ

∑
i∈Ji

⟨viΛiPWif, fi,j⟩⟨fi,j , viΛiPWif⟩+
∑
i∈σc

∑
i∈Ji

⟨µiΓiPVif, gi,j⟩⟨gi,j , µiΓiPVif⟩
)

=
1

A

(∑
i∈σ

∑
i∈Ji

⟨f, viΛ∗
i fi,j⟩⟨viΛ∗

i fi,j , f⟩+
∑
i∈σc

∑
i∈Ji

⟨f, µiΓ
∗
i gi,j⟩⟨µiΓ

∗
i gi,j , f⟩

)

≤ D

A
⟨f, f⟩,

where A = min{Af , Ag}. For lower frame bound,

∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

≥ 1

B

(∑
i∈σ

∑
i∈Ji

⟨viΛiPWif, fi,j⟩⟨fi,j , viΛiPWif⟩+
∑
i∈σc

∑
i∈Ji

⟨µiΓiPVif, gi,j⟩⟨, gi,jµiΓiPVif⟩
)

=
1

B

(∑
i∈σ

∑
i∈Ji

⟨f, viΛ∗
i fi,j⟩⟨viΛ∗

i fi,j , f⟩+
∑
i∈σc

∑
i∈Ji

⟨f, µiΓ
∗
i gi,j⟩⟨µiΓ

∗
i gi,j , f⟩

)

≥ C

B
⟨f, f⟩

where B = max{Bf , Bg}
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(2) =⇒ (1) Let {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I be woven g−fusion frames with

universel frame bounds C and D. Then for every f ∈ H, we have∑
i∈σ

∑
i∈Ji

⟨f, viΛ∗
i fi,j⟩⟨viΛ∗

i fi,j , f⟩+
∑
i∈σc

∑
i∈Ji

⟨f, µiΓ
∗
i gi,j⟩⟨µiΓ

∗
i gi,j , f⟩

=
∑
i∈σ

∑
i∈Ji

⟨viΛiPWif, fi,j⟩⟨fi,j , viΛiPWif⟩+
∑
i∈σc

∑
i∈Ji

⟨µiΓiPVif, gi,j⟩⟨, gi,jµiΓiPVif⟩

≥
∑
i∈σ

Afiv
2
i ⟨ΛiPWif,ΛiPWif⟩+

∑
i∈σc

Agiµ
2
i ⟨ΓiPVif,ΓiPVif⟩

≥ A

(∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

)
≥ AC⟨f, f⟩.

And similary∑
i∈σ

∑
i∈Ji

⟨f, viΛ∗
i fi,j⟩⟨viΛ∗

i fi,j , f⟩+
∑
i∈σc

∑
i∈Ji

⟨f, µiΓ
∗
i gi,j⟩⟨µiΓ

∗
i gi,j , f⟩ ≤ BD⟨f, f⟩.

□

Theorem 1.4. Let K be a closed orthogonaly complemented subspace of H and let

{Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I be woven g−fusion frame for H with woven bounds A

and B. Then {Wi ∩K,Λi, vi}i∈I and {Vi ∩K,Γi, µi} are woven g−fusion frames for K

with universal bounds A and B.

Proof. Let the operators PWi∩K = PWi(PK) and PVi∩K = PVi(PK) be orthogonal

projections of H onto Wi ∩K and Vi ∩K, respectively. Then for every f ∈ K, we can

write: ∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΓiPVif,ΓiPVif⟩

=
∑
i∈σ

v2i ⟨ΛiPWiPKf,ΛiPWiPKf⟩+
∑
i∈σc

µ2
i ⟨ΓiPViPKf,ΓiPViPKf⟩

=
∑
i∈σ

v2i ⟨ΛiPWi∩Kf,ΛiPWi∩Kf⟩+
∑
i∈σc

µ2
i ⟨ΓiPVi∩Kf,ΓiPVi∩Kf⟩.

we conclude the result. □

Theorem 1.5. Let {Wi,j ,Λi,j , vi,j}i∈I be a g−fusion bessel sequence of subspaces for

H with bounds Bj for all j ∈ [m]. Then every weaving of this sequence is a bessel

sequence.
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Proof. For every partition {σj}j∈[m], such that σj ∈ I for j ∈ [m] and for f ∈ H, we

have

m∑
j=1

∑
i∈σj

v2i ⟨Λi,jPWi,jf,Λi,jPWi,jf⟩ ≤
m∑
j=1

∞∑
i=1

v2i ⟨Λi,jPWi,jf,Λi,jPWi,jf⟩

≤
m∑
j=1

Bj⟨f, f⟩.

□

Theorem 1.6. Suppose that {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are g−fusion frames for

H and also let for every two disjoint finite sets I, J ⊆ I and every ϵ > 0, there exist

subsets σ, δ ⊆ I(I∪J) such that the lower g−fusion frame bound of {Wi,Λi, vi}i∈(I∪σ)∪

{Vi,Γi, µi}i∈(J∪δ) is less than ϵ. Then there exists M ⊆ I such that {Wi,Λi, vi}i∈M ∪

{Vi,Γi, µi}i∈Mc is not a g−fusion frame. Hence {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are

not woven g−fusion frames.

Proof. Let ϵ > 0 be arbitrary. By hypothesis, for I0 = J0 = ∅, we can choose σ1 ⊂

I, so that if δ1 = σc
1, then the lower g−fusion frame bound of {Wi,Λi, vi}i∈(I∪σ1) ∪

{Vi,Γi, µi}i∈(J∪δ1) is less than ϵ. Thus there exists f1 ∈ H, with ⟨f1, f1⟩ = 1 such that∑
i∈σ1

v2i ⟨ΛiPWif1,ΛiPWif1⟩+
∑
i∈δ1

µ2
i ⟨ΓiPVif1,ΓiPVif1⟩ < ϵ.

Since {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are g−fusion frames for H, so

∞∑
i=1

v2i ⟨ΛiPWif1,ΛiPWif1⟩+
∞∑
i=1

µ2
i ⟨ΓiPVif1,ΓiPVif1⟩ < ∞

therefor there is a positive integer k1 such that

∞∑
i=k1+1

v2i ⟨ΛiPWif1,ΛiPWif1⟩+
∞∑

i=k1+1

µ2
i ⟨ΓiPVif1,ΓiPVif1⟩ < ∞

Let I1 = σ1∩[k1] and J1 = δ1∩[k1]. Then I1∩J1 = ∅ and I1∪J1 = [k1]. By assumption,

there are subsets σ2, δ2 ⊂ [k1]
c with δ2 = [k1]

c − σ2 such that the lower fusion frame

bound of {Wi,Λi, vi}i∈(I∪σ2) ∪ {Vi,Γi, µi}i∈(J∪δ2) is less than
ϵ
2 , so there exists a vector

f2 ∈ H with ⟨f2, f2⟩ = 1, such that∑
i∈I1∪σ2

v2i ⟨ΛiPWif2,ΛiPWif2⟩+
∑

i∈J1∪δ2

µ2
i ⟨ΓiPVif2,ΓiPVif2⟩ <

ϵ

2
.
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Similarly, there is k2 > k1 such that

∞∑
i=k2+1

v2i ⟨ΛiPWif2,ΛiPWif2⟩+
∞∑

i=k2+1

µ2
i ⟨ΓiPVif2,ΓiPVif2⟩ <

ϵ

2
.

Set I2 = I1∪(σ2∩ [k2]) and J2 = J1∪(δ2∩ [k2]). Note that I2∩J2 = ∅ and I2∪J2 = [k2].

Thus by induction, there are

(1) a sequence of natural numbers kii∈I with ki < ki+1 for all i ∈ I,

(2) a sequence of vectors {fi}i∈I from H with ⟨fi, fi⟩ = 1 for all i ∈ I,

(3) subsets σi ⊂ [ki−1]
c, δi = [ki−1]

c − σi, i ∈ I and

(4) Ii = Ii−1 ∪ (σi ∩ [ki]), Ji = Ji−1 ∪ (δi ∩ [ki]), i ∈ I wich are abiding both:

∑
i∈In−1∪σn

v2i ⟨ΛiPWifn,ΛiPWifn⟩+
∑

i∈Jn−1∪δn

µ2
i ⟨ΓiPVifn,ΓiPVifn⟩ <

ϵ

n
,

and

∞∑
i=kn+1

v2i ⟨ΛiPWifn,ΛiPWifn⟩+
∞∑

i=kn+1

µ2
i ⟨ΓiPVifn,ΓiPVifn⟩ <

ϵ

n

By construction Ii ∪ Ji = ∅ and Ii ∪ Ji = [ki], if we suppose that M = ∪∞
i=1Ii then

Mc = ∪∞
i=1Ji such that M∪Mc = I, then we conclude from the above inequalities:

∑
i∈M

v2i ⟨ΛiPWifi,ΛiPWifi⟩+
∑
i∈Mc

µ2
i ⟨ΓiPVifi,ΓiPVifi⟩

=

(∑
i∈In

⟨ΛiPWifi,ΛiPWifi +
∑
i∈Jn

⟨µ2
iΓiPVifi,ΓiPVifi⟩

)

+

( ∑
i∈M∩[kn]c

v2i ⟨ΛiPWifi,ΛiPWifi⟩+
∑

i∈Mc∩[kn]c
µ2
i ⟨ΓiPVifi,ΓiPVifi⟩

)

≤
( ∑

i∈In−1∪σn

v2i ⟨ΛiPWifn,ΛiPWifn⟩+
∑

i∈Jn−1∪δn

µ2
i ⟨ΓiPVifn,ΓiPVifn⟩

)

+

( ∞∑
i=kn+1

v2i ⟨ΛiPWifi,ΛiPWifi⟩+
∞∑

i=kn+1

µ2
i ⟨ΓiPVifi,ΓiPVifi⟩

)

<
ϵ

n
+

ϵ

n
=

2ϵ

n
.

Therfore the lower g−fusion frame of {Wi,Λi, vi}i∈M ∪ {Vi,Γi, µi}i∈Mc is zero, that

is a contradiction. thus {Wi,Λi, vi}i∈I ∪ {Vi,Γi, µi}i∈I can not be a woven g−fusion

frame. □
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Theorem 1.7. Suppose that {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are g−fusion frames for

H with optimal upper g−fusion frame bounds B1 and B2 such that they be woven

g−fusion frames. Then B1 +B2 can not be the optimal upper woven bound.

Proof. Assume on the contrary, which is B1 +B2 is the smallest upper weaving bound

for all possible weavings. Then by definition of optimal upper bound, we can choose

σ ⊂ I and ⟨f, f⟩ = 1, such that

sup
⟨f,f⟩=1

(∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΛiPVif,ΛiPVif⟩

)
= B1 +B2.

Using of supreme property, for every ϵ > 0, there exists f ∈ H, such that∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈I

µ2
i ⟨ΛiPVif,ΛiPVif⟩ ≥ B1 +B2 − ϵ,

and using of upper fusion frame property, we have∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈I

µ2
i ⟨ΛiPVif,ΛiPVif⟩ ≤ B1 +B2.

So, ∑
i∈I−σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑

i∈I−σc

µ2
i ⟨ΛiPVif,ΛiPVif⟩ ≤ ϵ.

Now, if we assume that is a weaving for which the lower frame bound approaches zero.

Theorem 1.6 gives that {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are not woven g−fusion frame,

which is a contradiction. □

Theorem 1.8. Let {Wi,Λi, vi}i∈J and {Vi,Γi, µi}i∈J be g−fusion frames, such that

J ⊂ I. Then {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are woven g−fusion frames.

Proof. Let the positive constants A be the lower woven bound for {Wi,Λi, vi}i∈J and

{Vi,Γi, µi}i∈J . Then for every σ ⊂ I and f ∈ H, we have

A⟨f, f⟩ ≤
∑

i∈σ∩J
v2i ⟨ΛiPWif,ΛiPWif⟩+

∑
i∈σc∩J

µ2
i ⟨ΛiPVif,ΛiPVif⟩

≤
∑
i∈σ

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σc

µ2
i ⟨ΛiPVif,ΛiPVif⟩

≤ (BΛ +BΓ)⟨f, f⟩,

where BΛ and BΓ are upper fusion frame bounds for {Wi,Λi, vi}i∈J and {Vi,Γi, µi}i∈J
respectively. □
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2. Perturbation of woven g−fusion frames

The question of stability plays an important role in various fields of applied math-

ematics. The classical theorem of the stability of a base is due to Paley and Wiener

[16]. It is based on the fact that a bounded operator T on a Banach space is invertible

if ∥I − T∥ < 1.

The following theorem is a Paley–Wiener type stability theorem for woven g−frames

in Hilbert C∗−modules.

Theorem 2.1. Let {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I be g−fusion frames for H with

g−fusion frame bounds (AΛ, BΛ) and (AΓ, BΓ), respectively. If there exist constants

0 < λ1, λ2, µ < 1 such that:

2

AΛ

(√
BΛ +

√
BΓ

)(
λ1

√
BΛ + λ2

√
BΓ + µ

)
≤ 1

and

∥TΛf − TΓf∥ ≤ λ1∥TΛf∥+ λ2∥TΓf∥+ µ,

where TΛ, TΓ are the synthesis operators for these g−fusion frames, then {Wi,Λi, vi}i∈I
and {Vi,Γi, µi}i∈I are woven g−fusion frames.

Proof. for each σ ⊂ I, we define the bounded operators

T σ
Λ : l2({Hi}i∈σ) → H, T σ

Λ(f) =
∑
i∈σ

viPWiΛ
∗
i fi,

and

T σ
Γ : l2({Hi}i∈σ) → H, T σ

Γ (f) =
∑
i∈σ

µiPViΓ
∗
i fi,

for every f = {fi}i∈I ∈ l2({Hi}i∈σ). Note that

∥T σ
Λ(f)∥ ≤ ∥TΛ(f)∥, ∥T σ

Γ (f)∥ ≤ ∥TΓ(f)∥,

and

∥T σ
Λ(f)− T σ

Γ (f)∥ ≤ ∥TΛ(f)− TΓ(f)∥.

130120
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For every f ∈ H and σ ⊂ I, we have

∥T σ
ΛU

σ
Λf − T σ

ΓU
σ
Γf∥ = ∥T σ

ΛU
σ
Λf − T σ

ΛU
σ
Γf + T σ

ΛU
σ
Γf − T σ

ΓU
σ
Γf∥

≤ ∥T σ
Λ(U

σ
Λ − Uσ

Γ )f∥+ ∥(T σ
Λ − T σ

Γ )U
σ
Γf∥

≤ ∥TΛ∥∥TΛ − TΓ∥∥f∥+ ∥TΛ − TΓ∥∥TΓ∥∥f∥

= ∥TΛ − TΓ∥
(
∥TΛ∥ − ∥TΓ∥

)
∥f∥

≤
(
λ1

√
BΛ + λ2

√
BΓ + µ

)(√
BΛ +

√
BΓ

)
∥f∥

≤ AΛ

2
∥f∥.

Now by using above calculation, we have

Sσc

Λ + Sσ
Γ = SΛ + Sσ

Γ − Sσ
Λ

≥ AΛI − ∥Sσ
Λ − Sσ

Γ∥I

≥ AΛI −
AΛ

2
I

=
AΛ

2
I.

This shows that AΛ
2 is the universal lower woven bound. Finally, for universal upper

bound, we have

∑
i∈σc

v2i ⟨ΛiPWif,ΛiPWif⟩+
∑
i∈σ

µ2
i ⟨ΓiPVif,ΓiPVif⟩ ≤

∑
i∈I

v2i ⟨ΛiPWif,ΛiPWif⟩

+
∑
i∈I

µ2
i ⟨ΓiPVif,ΓiPVif⟩

≤ (BΛ +BΓ)∥f∥.

□

Theorem 2.2. Let {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I be g−fusion frames for H with

g−fusion frame bounds (AΛ, BΛ) and (AΓ, BΓ), respectively. If there exist constants

0 < λ, µ, γ < 1, such that λBΛ + µBΓ + γ
√
BΛ < AΛ. We have

Sσ
Λ < λSσ

Λ + µSσ
Γ + γUσ

Λ ,

131
121



14

where SΛ, UΛ are g−fusion frame operators of {Wi,Λi, vi}i∈I. Then {Wi,Λi, vi}i∈I and

{Vi,Γi, µi}i∈I are woven g−fusion frame with universal woven bounds(
AΛ − λBΛ − µBΓ − γ

√
BΛ

)
,

(
BΓ + λBΛ + µBΓ + γ

√
BΛ

)
.

Proof. First, for lower frame bound, we have

Sσ
Λ + Sσc

Γ = SΛ + Sσc

Γ − Sσc

Λ

= SΛ −
(
Sσc

Λ − Sσc

Γ

)
≥ AΛI −

(
λSσc

Λ + µSσc

Γ + γUσc

Λ

)
≥

(
AΛ − λBΛ − µBΓ − γ

√
BΛ

)
I.

Also, for upper frame bound, we have

Sσ
Λ + Sσc

Γ = SΓ + Sσ
Λ − Sσ

Γ

≤
(
BΓ + λBΛ + µBΓ + γ

√
BΛ

)
I

Therefore g−fusion frames {Wi,Λi, vi}i∈I and {Vi,Γi, µi}i∈I are woven g−fusion frame

with considered bounds. □
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3. Arambašić L, 2007. On frames for countably generated Hilbert C∗-modules, Proc. Am. Math. Soc.

135, 469–478.

4. Bemrose T, Casazza P. G, Grochenig K, Lammers M. C, Lynch R. G, 2016. Weaving frames, Oper.

Matrices, 10, 1093–1116.

5. Bounader N, Kabbaj S, 2014. ∗-g-frames in Hilbert C∗-modules, J. Math. Comput. Sci. 4, No. 2,

246-256.

6. Duffin R. J, Schaeffer A. C, 1952. A class of nonharmonic fourier series, Trans. Am. Math. Soc.

72, 341–366.

7. Fang X, Moslehian M. S, Xu Q, 2018. On majorization and range inclusion

of operators on Hilbert C∗-modules, Linear Multilinear Algebra. 66, 2493–2500.

https://doi.org/10.1080/03081087.2017.1402859.

132122



15

8. Frank M, Larson D. R, 2000. A-module frame concept for Hilbert C∗-modules, functinal and har-

monic analysis of wavelets, Contempt. Math. 247, 207-233.

9. Gabor D, 1946. Theory of communications, J. Elect. Eng. 93 (1946), 429–457.

10. Ghobadzadeh F, Najati A, Anastassiou G. A, Park C, 2018. Woven frames in Hilbert C∗−modules,

J. Comput. Anal. Appl. 25, 1220–1232.

11. Kabbaj S, Rossafi M, 2018. ∗-Operator frame for End∗A(H), Wavelet Linear Algebra, 5, 1-13.

https://doi.org/10.22072/WALA.2018.79871.1153

12. Kaplansky I, 1953. Modules over operator algebras, Am. J. Math. 75, 839–858.

13. Khorsavi A, Khorsavi B, 2008. Fusion frames and g-frames in Hilbert C∗-modules, Int. J. Wavelet,

Multiresolution and Information Processing 6, 433-446.

14. Lance E. C, 1995. Hilbert C∗−Modules: A Toolkit for Operator Algebraist, London Math. Soc.

Lecture Note Ser. Cambridge Univ. Press, Cambridge.

15. Nhari F. D, Echarghaoui R, Rossafi M, 2021. K − g−fusion frames in Hilbert C∗−modules, Int. J.

Anal. Appl. 19 (6).

16. Paley R, Wiener N, 1987. Fourier Transforms in Complex Domains, Am. Math. Soc. Colloq. Publ.

19, Am. Math. Soc., Providence, RI.

17. Rossafi M, Nhari FD, Park C, Kabbaj S, 2022. Continuous g-Frames with C∗-Valued Bounds and

Their Properties. Complex Anal. Oper. Theory 16, 44. https://doi.org/10.1007/s11785-022-01229-4

18. Rossafi M, Kabbaj S, 2020. ∗-K-operator frame for End∗A(H), Asian-Eur. J. Math. 13, 2050060.

https://doi.org/10.1142/S1793557120500606.

19. Rossafi M, Kabbaj S, 2019. Operator frame for End∗A(H), J. Linear Topol. Algebra, 8, 85-95.

20. Rossafi M, Kabbaj S, 2018. ∗-K-g-frames in Hilbert A-modules, J. Linear Topol. Algebra, 7, 63-71.

21. Rossafi M, Kabbaj S, 2018. ∗-g-frames in tensor products of Hilbert C∗-modules, Ann. Univ.

Paedagog. Crac. Stud. Math. 17, 17-25.

22. Zhao X, Li P, 2021. Weaving Frames in Hilbert C∗-Modules, Journal of Mathematics, vol. 2021,

Article ID 2228397, 13 pages.

23. Xiang Z, LI Y, 2016. G−frames for operators in Hilbert C∗−modules, Turk J Math, 40, 453-469.

Doi: 10.3906/mat-1501-22

133123


	1. Woven g-fusion frame in Hilbert C-module
	2. Perturbation of woven g-fusion frames
	References

